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�R��cZD���r���
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y�
	U���f��J�
N��N���r�Y����� N -�	���E��

BV��E��Ea���G�	�	���D��d [2−6,9,11]. ��kMwQ	�
NLI�
�V���� N - �	���Ea���G�	�� Ambrosetti-Coti Zelati � 1992 �H��
�B�� [1], x��� C1 fr�����P� V�R����!��j� N - ��	�Va
�G�T���Ea� (Aac"i��vk��� 0).


� R
k X� N - �	�	D Z2 × S1 × O(k) B��
�	!�  ��yi#�"��

Ea�	�#$%NTR�k�	�! NTR�k�p�H$D#�&�	!FDTyi#�
"��Ea���G�L'��dla��(I T	�� Coti Zelati[4] w Bessi-Coti Zelati[3]

�� C'#V��E� N - �	�DTyi#�"��Ea���G��
���� S1 × O(2) ��
� Ljusternik-Schnirelmann ���� C'#��)V���

�B� N - ��	�DTyi#�"�MAa�Ea���G��q���d� *kZI 
�T���o S1 × O(2) �
 Ljusternik-Schnirelmann !rM
NKfGG#�#+%�"#
��ovk�

&�, Ω = R
k\{0}, $%Y'(g�jfr�

V (x) = V (x1, · · · , xN ) =
1
2

∑
1≤i �=j≤N

Vij(xi − xj), (1.1)

GX xi ∈ R
k, x = (x1, · · · , xN ) ∈ R

kN , Vij ∈ C1(Ω, R).
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V� mi > 0, (i = 1, · · · , N) w h ∈ R, &���,'L,��E��

(Ph)




miẍi + V ′
xi

(x1, · · · , xN ) = 0,

1
2

N∑
i=1

mi|ẋi|2 + V (x1, · · · , xN ) = h,
1 ≤ i ≤ N.

s3 1.1 0 (Ph) �� x = (x1, · · · , xN ) 1h,'-2�
(i) xi ∈ C2(0, T ; Rk),
(ii) B ∀1 ≤ i �= j ≤ N , w ∀t ∈ [0, T ] � xi(t) �= xj(t),

J� x k (Ph) �MAa�Ea��
s3 1.2 b x, y k (Ph) �GT�E�	Y�G.N"3 ϕ : S1 → S1 w R : O(2) → O(2)

e� y = R ◦ x ◦ ϕ, J� x / y Gyi#k0"�-PJ� x / y Gyi#k�"�� x /
y Gyi#k0"��4� x / y p�"�a�v	xy���0"��E	.M�G θ ∈ S1

w R ∈ O(2) e� y(t) = Rx(t + θ).
B� (Ph), &��,'� DTyi#�"�MAa�Ea���G����
s4 1.3 /b V Q (1.1) �(gM Vij w V 1h�
(V1) Vij(ξ) = Vji(ξ), ∀i �= j, ξ ∈ R

2, w (U1, · · · , UN ) = (V (RU1, · · · , RUN ), ∀R ∈ O(2).
(V2) �G α > 2 w a > b > 0 e ∀xi ∈ R

2 w xi �= xj �

−a

2

∑
1≤i �=j≤N

mimj

|xi − xj |α ≤ V (x1, · · · , xN ) ≤ − b

2

∑
1≤i �=j≤N

mimj

|xi − xj |α ,

JB1h,'-2��� h: c5 > 1
9c4, GX

c5 = 2
( N∑

i=1

π2i2mi

)
·
(

h +
a

2

∑
i �=j

mimj

|i − j|α
)

,

c4 =
α

2
2+α

2

· (α − 2)
2−α

α · c2/α
3 · h1− 2

α ,

c3 = (4m)α/2 · c2, m = min{mi | i = 1 − N},
c2 = bc1(m)−α/2, m = max{mi | i = 1 − N}.

c1 = 2−(α+1)/2 ·
( ∑

1≤i �=j≤N

mimj

)(2+α)/2

· m−α/2,

m =
N∑

i=1

mi.

56 (Ph) Va�G 2 · (N − 2) · 2N−3 T, h  ���yi#�"�MAa�Ea��
56 1.4 G�� 1.3 X	0 N = 3, M m1 = m2 = m3 = 1, α = 3. JB ∀h > 1, (Ph) V

a�G 2 T, h  ���yi#�"�MAa�Ea��

2 781zq9:
&��Z''�0g� H = H1,2(S1; R2), H# =

{
u ∈ H | u

(
t + 1

2

)
= −u(t)

}
, E = {u =

(u1, · · · , uN ) | ui ∈ H#, i = 1, · · · , N}, Λ0 = {u ∈ E | ui(t) �= uj(t),∀t ∈ [0, 1], i �= j}.
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B ∀u, v ∈ H#, 0� 〈u, v〉 =
∫ 1

0
u̇ · v̇dt, ‖u‖2 =

∫ 1

0
|u̇|2dt. lX%P�	 ‖ui‖ k H# #�

JrM/77�Jr�4	&�o���g ‖ui‖ ≥ 4|ui|∞. !�B ∀u = (u1, · · · , uN ) ∈ E, 0

, ‖u‖2
E =

N∑
i=1

mi‖ui‖2, J��

‖u‖2
E ≥ 42m

N∑
i=1

|ui|2∞ = 16m|u|2∞, (2.1)

GX m = min{mi | i = 1 − N}, |u|2∞ =
N∑

i=1

|ui|2∞.

G Λ0 #��Kf
f(u) =

1
2
‖u‖2

E ·
∫ 1

0

(h − V (u))dt. (2.2)

)v� [1] r [8] �P�	&���
;4 2.1 b u ∈ Λ0 k f �<+8M ‖u‖E > 0. ,

ω2 =

∫ 1

0
V ′(u) · udt

‖u‖2
E

> 0, (2.3)

J x(t) = u(ωt) k (Ph) �MAa�Ea��
;4 2.2[5] b X = (x1, · · · , xN ) ∈ R

k × · · · × R
k, k kfSr	J

1
2

∑
1≤i �=j≤N

mimj

|xi − xj |α ≥ c1
1( N∑

i=1
mi|xi|2

)α/2
, (2.4)

GX c1 /9�AX� c1 0"�
;4 2.3 b V 1h�� 1.3 X� (V2), J

−V (x) ≥ c2 · 1( N∑
i=1

|xi|2
)α/2

, (2.5)

GX c2 x �� 1.3 X� c2.

<= 
 (V2) w�� 2.2 � −V (x) ≥ b · c1
1( N∑

i=1

mi|xi|2
)α/2 . 8! N∑

i=1
mi|xi|2 ≤ m ·

N∑
i=1

|xi|2,

x� (2.5) g�
;4 2.4 /b (V1), (V2) �=	J f ∈ C1(Λ0, R), MB ∀un

w
⇀ u ∈ ∂Λ � f(un) → +∞.

<= 
 (V2) Q	 Vij G x = 0 1h Gordon K�-2 [7], :F%P [7]

∀un
w
⇀ u ∈ ∂Λ0,

∫ 1

0

V (un)dt → −∞. (2.6)

(i) 0 u(t) ≡ 0, J
JZ��>Q	
|un|∞ → 0, n → ∞. (2.7)
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;
��g (2.1), (V2) w�� 2.3, �

f(un) =
1
2
‖un‖2

E ·
∫ 1

0

(h − V (un))dt ≥ 1
2
‖un‖2

E ·
∫ 1

0

(−V (un))dt

≥ 8m|un|2∞ · c2

∫ 1

0

|un|−αdt ≥ 8mc2|un|2∞ · |un|−α
∞ .

! α > 2, ;< n → ∞ c	 f(un) → +∞.

(ii) 0 u(t) �m�� 0, J ‖u‖2
E =

N∑
i=1

mi‖u̇i‖2
2 �= 0. id#	0 ‖u‖2

E = 0, J ui(t) ≡ c. 

� ui

(
t + 1

2

)
= −ui(t), ; ui(t) ≡ 0, ?C�!�
fr g(u) = ‖u‖E �!'=@9��

lim
n→∞

‖un‖E ≥ ‖u‖E > 0. (2.8)

L�L'	
�� 2.4 X� (2.6) g	� − ∫ 1

0
V (un)dt → +∞, n → ∞, x f(un) = 1

2‖un‖2
E ·∫ 1

0
(h − V (un))dt → +∞, n → ∞.

;4 2.5 f G Λ0 #1h Palais-Smale V�-2�
<= b:[ {un} ⊂ Λ0 1h { |f(un)| ≤ M,

f ′(un) → 0.
(2.9)

J
 f(un) ≤ M w V (un) ≤ 0 >Q	 0 ≤ −1
2‖un‖2

E · ∫ 1

0
V (un)dt ≤ M − h

2 ‖un‖2
E . ; ‖u̇n‖ �

+�!F�G un �!l\e[	V0 un, e un
w
⇀ u ∈ Λ0 (Λ0 �>?).

8
�� 2.4 w f(un) ≤ M Q	 u ∈ Λ0, ; u̇(t) �≡ 0, ! PJ ∀1 ≤ i, j ≤ N �
ui(t) = uj(t) ≡ 0, N/ u ∈ Λ0 w Λ0 ���?C�; ‖u‖E > 0. 8;S�= V (un) →
V (u), 〈V ′(un), un〉 → 〈V ′(u), u〉.

^�@
� ‖un‖E ≥ lim‖un‖E ≥ ‖u‖E > 0, 〈f ′(un), un〉 → 0,

∫ 1

0

(h − V (un))dt =
1
2

∫ 1

0

〈V ′(un), un〉dt +
〈f ′(un), un〉

‖un‖2
E

,

&�=x>� ∫ 1

0

(h − V (un))dt → 1
2

∫ 1

0

〈V ′(u), u〉dt. (2.10)

8! h > 0, V (un) < 0, ;� ∫ 1

0
(h − V (un))dt > h, 1

2

∫ 1

0
〈V ′(u), u〉dt > 0.

8
� f ′(un) → 0, w,�

〈un, v〉
∫ 1

0

(h − V (un))dt − 1
2
‖un‖2

E ·
∫ 1

0

〈V ′(un), v〉dt → 0,

∀v ∈ HN = H × · · · × H.

;
 (2.10) g,w ∫ 1

0
〈V ′(un), v〉dt → ∫ 1

0
〈V ′(u), v〉dt > 0 xQ	 un

s→u. ; f G Λ0 #1h
Palais-Smale V�-2�

;4 2.6 f G Λ0 #�O'+"#� infu∈Λ0 f(u) ≥ c4, GX c4 x �� 1.3 X�7r c4.
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<= 
�� 2.3 >Q	 ∀u ∈ Λ0 �

f(u) =
1
2
‖u‖2

E ·
∫ 1

0

(h − V (u))dt ≥ 1
2
‖u‖2

E ·
∫ 1

0

(
h + c2 · |u|−α

)
dt.

8
 (2.1) gw ∀t ∈ [0, 1], |u| ≤ |u|∞, ; ‖u‖2
E ≥ 16m|u|2, f(u) ≥ h

2 ‖u‖2
E + c3

2 ‖u‖2−α
E , G

X c3 = (16m)
α
2 · c2.

, ϕ(t) = h
2 t2 + c3

2 t2−α. ;S ∀u ∈ Λ0, f(u) ≥ min
t>0

ϕ(t), F

ϕ′(t) = ht +
2 − α

2
c3t

1−α, ϕ′′(t) = h +
(2 − α)(1 − α)

2
c3t

−α > 0, ∀t > 0.

; ϕ(t) G t > 0 #k<S=fr	x�G>�j?S8 t0 1h�

ϕ′(t0) = 0, t0 =
( (α − 2)c3

2h

) 1
α

,

min
t>0

ϕ(t) = α · (α − 2)
2−α

2 · 2− 2+α
α · c2/α

3 · h1− 2
α > 0.

''&�@���T S1 × O(2) �
v A, .B f G A #�#+^A"#�
F, Zi = {v(t) = iξ cos 2πt + iη sin 2πt | ξ, η ∈ R

2, |ξ| = |η| = 1, 〈ξ, η〉 = 0, i = 1, · · · , N}.
F, A = Z1 × Z2 × · · · × ZN . J ∀u = (u1, · · · , uN ) ∈ A, �G ξi, ηi ∈ R

2, M

|ξi| = |ηi| = 1, ξi · ηi = 0, ui(t) = iξi cos 2πt + iηi sin 2πt.

; |ui(t)|2 = i2, |ui(t) − uj(t)|2 ≥ |ui(t)|2 + |uj(t)|2 − 2|ui(t)| · |uj(t)| = i2 + j2 − 2ij =
(i − j)2, x |ui(t) − uj(t)| ≥ |i − j|, 1

|ui(t)−uj(t)|α ≤ 1
|i−j|α . ;
�Q/b (V2), � −V (u) ≤

a
2

∑
1≤i �=j≤N

mimj

|i−j|α .

8! u̇i(t) = −2πiξi sin 2πt + 2πiηi cos 2πt, ; |u̇i|2 = 4π2i2,

‖u‖2
E =

N∑
i=1

mi

∫ 1

0

|u̇i|2dt =
N∑

i=1

4π2i2mi.

!�&��,' � f G A #�#+"#�

;4 2.7 ∀u ∈ A, f(u) ≤ c5, GX c5 = 2
( N∑

i=1

π2i2mi

)
·
(
h + a

2

∑
i �=j

mimj

|i−j|α
)
.

''&�z� S1 ×O(2) �
v A ��
 Ljusternik-Schnirelmann !r	.U� minmax
A�X[ f �DT<+S��G��jn	7e"#<+8 (x�Ea�) �u?�EX[&�
���V���	� (Ph) DTyi#�"�MAa�Ea���G��

&�nF\]�v A .N"3� T1S
1 ⊗ · · · ⊗ T1S

1 (N T S1 �^\L_�K�t), :F
A .N"3� Coti Zelati[4] ZI�� C'#� N - �	��<+`(	;
 Coti Zelati[4] �
�d��

;4 2.8 Cat (A/S1 × O(2)) ≥ 2 · (N − 2) · 2N−3.

>^ q`&�N{ZI�v A.N"3� Coti Zelati[4] ZI�<+`( Z(n1,···,nN ), �k

NKf f G A #�#+XX%"#	F f G Coti Zelati � Z(n1,···,nN ) #�#+l�"#�
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;4 2.9 b X k Banach |}	 Λ0 k X ��ev	 f ∈ C1(Λ0, R), M f k S1 × O(2)
�
v	8b f G Λ0 #1h Palais-Smale V�-2w|+-2

(BC) 0 un
w
⇀ u ∈ ∂Λ0, J f(un) → +∞. ,

cm = inf
Cat (A/S1×O(2))≥m

sup
x∈A

f(x), m = 1, 2, · · · ,

J (1)< −∞ < cm < +∞c	cm k f �<+S-(2)0 −∞ < c = cm+1 = · · · = cm+k < +∞,
56	 Cat (Kc/

1 × O(2)) ≥ k, GX Kc = {x ∈ Λ | f ′(x) = 0, f(x) = c}; (3) cm ≤ cm+1.

>^ GP�#q��c	U#`b�|+-2 (BS) }P �v Λ �m~�	G{�N�
P�k�b� [10].

;4 2.10 b u k f G Λ0 #�<+8	Gj?�E 1/l, l �= 1, J (i) l ≥ 3, (ii)
v(t) = u(t/l) }k f G Λ0 #�<+8M� f(ω) = 1

l2 f(u) = 1
9f(u).

<= (i) 0 l = 2, x u
(
t + 1

2

)
= u(t). J
 u ∈ Λ0 Q	 u

(
t + 1

2

)
= −u(t), ; u(t) =

(u1(t), · · · , uN (t)) ≡ 0. N/ u ∈ Λ0 x ∀t ∈ [0, 1], i �= j, ui(t) �= uj(t) ?C�

(ii)! ∫ 1

0
|v̇(t)|2dt = 1

l2

∫ 1

0
|u̇(t)|2dt,

∫ 1

0
(h−V (v))dt =

∫ 1

0
(h−V (u))dt,; f(v) = 1

l2 f(u) ≤
1
9f(u).

''&���#q~��
P��� 1.3.


�� 2.4, 2.5 w 2.8 Q	 Λ0 #�Kf f 1h�� 2.9 �w�/b	M
�� 2.6 h 2.7
Q	 −∞ < cm < +∞, !� f G Λ0 #Va�G 2 · (N − 2) · 2N−3 T<+S	F
�� 2.6, 2,7
w 2.10 8>Q	N 2 · (N − 2) · 2N−3 T<+SBU�<+8�j?�E� 1. w,
�� 2.1
w 2.9 Q	G�� 1.3 �/b'	 N - ��	� (Ph) Va�G 2 · (N − 2) · 2N−3 Tyi#�"
�MAa�Ea��

�� 1.4 lX%
�� 1.3 R��[�
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The Existence of Multiple Geometrically Distinct Preiodic Orbits with Prescribed Energy for
N -Body-Type Problems

Zhang Shiqing
(Department of Applied Mathematics, Chongqing University, Chongqing 630044, China)

Abstract: Using the equivariant Ljusternik-Schnirelmann theory, we prove that there are at
least 2 · (N −2) ·2N−3 geometrically distinct noncollision orbits with prescribed energy for a class
of planar N -body-type problems.

Keywords: N -body-type problems, geometrically distinct periodic orbits, equivariant Ljusternik-
Schnirelmann theory


