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A NOTE ON THE 4-VALUED PROPOSITIONAL CALCULUS
-AND THE FOUR COLOUR PROBLEM

By Sum-gaua Hoo aND CHiaNG-YEH CHEN

Peking University; Institute of Math ics, Academia Sinica

The aim of the present paper is to describe briefly a certain relation-
ship between 4-valued propositional calculus and the four-colour problem.
The relationship here stated will eventually prove itself to be easily
understandable to the reader who has acquaiuted himself with the nature
of the four-colour problem in combinatorial topology and have also some
idea of mathematical logic, especially of the many-valued propositional
calculus. '

Now, we piesume that the reader has already known the import of
the Rosser and Turquette’s artical® (RT) and we shall adopt the notations
they worked with in their artical RT. Furthermore we shall make free use
of all the conventions commonly observed by the mathematical logicians,
especially we shall adopt the customary, self-explanatory, usage according

@ J. B. Rosser and A. R. Turquette, Axiom schemes for m-valued promsifiona‘ calculi, Journal
of Symbolic Logic, vol. 10 (1945). pp. 61-82.
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to which symbols belonging to the propositional calculus, and symbols
introduced by formal definitions, are used in the intuitive discussions as
names for themselves; ‘€’,‘c’, ‘U’ “{z,,- - -, z,}’ are used with their usual
set-theoretic meanings. Thus ‘fz,,- --,z,}’ stands for the set of which
Zy,+ + -, , constitute the members.
Let py, py, ps,- - - be the infinite sequence of propositional variables in
their alphabatical order.
D (= Definition) 1. zépr, if and only if, z is a propositional
variable.
D2. fecoup(n), if and only if, there are z,y such that, = # y,
B=1iz,y} and z,y elpy- - -, p,}-
D5. (egre(n), if and only if, the following two conditions are
satis fied:
(1) {Scoup (n),
(2) Sor any my,my,msm, if m<my<my;<m, and if
P s P} €C, then not ip,, .p,, }&C.

D4. (agr(n), if and only if, there are my,m, that satis_fy the
Sfollowing three conditions:

(1) n=Max(m,, m,),
(2) there are £, such that ( egre(mn,),C,egre(m,) and
C=C1 U Cm
(3) & is not empty.
D5. EPQ =, KCPQCQP
D6. J*PQ=NJ, EPQ
D7 (mymy msym) Py 3, KU, (P) 7, (P)®

’ >
P = Pl’
- m af

n+41 n
S Pum A3 P
rnmal m=t

See RT p, 72
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D8. B, P=,(1,2,5,4)P
B,P=,.(2,3,4,1)P
B:P=,.(},4,1,2)P
BP=,.(4,1,2,5)P
D9. Pedif (§), if and only if, there are m, n such that m <n,
Pms P} €6 and P=T*pnp,,. |
D10. Suppose that all the propositional variables occur in P belong-
ing to the set {py,- - -, p,}, we put

B P =4f 2=1 211) (B, 1 * anpn)y
where P (B, p,- -+, B,, p,) is the formula arising out of P by substituting
B, pi -y B, p,into p,- - -,p, respectively and simultaneously.
D11. {ecol, if and only if, there is a function f that satisfies the
JSollowing three conditions:
(1) f is defined on the set of all x such that there is an‘a
zeael, .
(2) for all x, if x belongs to the argument of f, then
Sf@)eil, 2,3, 4,
(5) for all = and y, if 12,7} €, then £(z) # F(3).
THEOREM A. Suppose
(a) ngr (n),
(b) dif @) ={P,,---,Pd,
then the following two conditions, (c) and (d) are equivalent:
{c) the formula
3

1

Is a _formal theorem of a complete 4-valued propositionsl calculus, in other
words, Q is derivable from (a,),- - -,(a,) of RT for the case m=4;

@ SeeRT p. 69.
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(d) Cecol

From the above THEOREM A. we can see that the relationship
between the four-colour problem axd the 4-valued propositional calculus
has been established, for the four-colour problem may be taken as the
proof of

(7)) (a) implies (d),
but the answer to the problem whether

(T3) ((a) and (b)) implies (c)
is a problem conserning the 4-valued propositional calculus. If (7;) can
be proved, then from THEOREM A. (7)) follows, that is a complete
solution of the four-colour problem is reached. Thus the four-colour
problem is reduced to a problem of the 4-valued propositional calculus.
The truth of THEOREM A. is evident and a formal proof of which is not
difficult, so it is left here to the reader.

Though the relationship here described offers no direct contribution
to¥the solution of the four-colour problem itself, it may have thrown some
light upon the possibility of finding a new approach towards the solution

with the help of the fruitful results in the mathematical logic.
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